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Abstract
We investigate excitations in Matrix Theory on T 2 corresponding to bound
states of strings. We demonstrate the Dirichlet aspect of R-R charged vacua
through a non-trivial connection between the U(1) and SU(n) sectors of the
matrix SYM.
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1 Introduction
During the past few years, a web of perturbative and non-perturbative connections has been cast between
the different string theories of a decade ago[1]; the common theme is that a limiting regime of a given theory
is described by another. Probing the non-perturbative regime of the IIA string theory, with 11 dimensional
supergravity as a description of its low energy dynamics, M-theory[2] stands at a crucial junction in the web
of string dualities, with the need of a proper description of its degrees of freedom. The BFSS conjecture[3]
proposes that the full dynamics of M theory in the infinite momentum frame is captured by the matrix
SYM describing IIA D0 branes. Given the already established connections between M and other theories
in various settings, this proposal faces a multitude of consistency tests. And many it has already, and
remarkably, passed[4]. Of relevance to the current discussion, it is expected, on the basis of proposed
dualities, to account for the bound states of IIB strings[5][6] in this Matrix Theory. It was argued in [7][8]
that, Matrix Theory on T 1, a 1 + 1 SYM, metamorphoses, in the strong YM coupling regime, into the
CFT of the IIA string in the infinite momentum frame; this entailed an elegant mechanism of “screwing”
string-like excitations into matrices. The first quantized IIB fundamental string was identified along a similar
mechanism in Matrix Theory on T 2 in [9]; it was proposed that the SL(2, Z) S-duality of the IIB theory can
then be used to realize the spectrum of the IIB bound strings. The purpose of this paper is to investigate
this latter point in greater detail.
We will study the energetics of excitations in Matrix Theory on the torus. Storing NS-NS and R-R
charges in the U(1) sector, we will propose to wind the dual gauge scalar of the theory on a cycle determined
by the charge content of this vacuum. The energetics of excitations in the SU(n) will be seen to be affected
by the U(1) configuration in a non-trivial pattern; quanta parallel to the U(1) electric field will become light
if the latter corresponds to an R-R charged configuration; these light excitations will be indicative of massive
excitations of fundamental strings attached to the background, a signature of the Dirichlet aspect of these
vacua[10][11]. The heavy excitations in these scenarios will be perpendicular to the electric field and will be
identified with the non-BPS excitations of IIB bound strings.
Throughout, we will be sloppy in handling factors of 2pi; the reader may set 2pi → 1 to avoid grief.
2 Matrix Theory on T d
Consider Matrix Theory as M theory in the infinite momentum frame described by the quantum mechanics
Lagrangian[3]
L =
1
2R11
trX˙2i −
R11
2
1
l6P
tr[Xi, Xj ]
2 + fermions , (1)
where the 9 X ’s are hermitian N ×N matrices and the quantum commutator is given by
[X iab, X˙
j
cd] = iR11δijδacδbd . (2)
The dimensional reduction of this theory on a transverse torus T d can be obtained by realizing a subset
of the U(N) gauge symmetry as the compactification of d scalars, yielding a d+1 SYM[3][12]. After rescaling
fields and coordinates, the form we will use is
L = 1
2
(
l2P
R11
)3−d
tr
{
− F
2
µν
(RµRν)2
+
(DµXi)
2
R2µ
−G2[Xi, Xj ]2 + fermions
}
, (3)
1
with
Fµν ≡ Rν∂µAν −Rµ∂νAµ − iRµRνG[Aµ, Aν ] (4)
Dµ ≡ ∂µ − iRµG[Aµ, .] , (5)
where µ, ν = 0, . . . , d, and i, j = d + 1, . . . , 9; note that repeated indices in some of these equations are not
summed over. The dimensionless coupling G is
G2 ≡ l
d
P∏
µRµ
. (6)
The quantum commutator for the gauge or scalar fields becomes
[X iab(σ), X˙
j
cd(σ
′)] =
(
l2P
R11
)d−3∏
µ
δ(σµ − σ′µ)
Rµ
δijδacδbd . (7)
This YM is on the torus parametrized by σµ for µ = 1, . . . , d, with periods
Σµ =
l3P
R11R2µ
, (8)
and the measure of the action integral is
dτ
∏
µ
dσµRµ . (9)
Some of the equations have time τ ≡ σ0 rescaled by an R0 ∼ 1; no significance beyond notational convenience
will be accorded to this scale. The fermions are ignored throughout; supersymmetry can be invoked to
reintroduce their contributions to the final results.
We will also need some of the charges appearing in the SUSY algebra[8]; in our notation, these are∮
trF0µ = wqµ
R11R0
GR2µ
(10)
∮
trFµν =
wµν
G
, (11)
where w, qµ and wµν are integers by momentum and/or Dirac quantization; wqµ is momentum in the
appropriate direction, or Kaluza charge equivalently, while wµν counts the winding of the 11D membrane on
corresponding 2-cycles. We have also factored out a common integer w in the momenta; in the case d = 2,
this implies that q1 and q2 are relatively prime.
We will consider this system for d = 2, i.e. SYM 2 + 1 as M-theory on a transverse torus. Taking
R11 →∞ as part of the infinite momentum frame prescription, the three length scales of this theory are R1,
R2 and lP . We focus on the strong coupling regime of the YM
G2 ≫ 1⇒ R1R2 ≪ l2P . (12)
Energy considerations then justify dropping excitations in non-commuting matrices; we then go to the
diagonal gauge where we have the residual gauge freedom corresponding to the permutations of matrix
eigenvalues[7][8]. Furthermore, we can now dualize the field strength [9] into the derivative of a scalar
2
∗F = dφ; we will do this in the coordinates Rµσµ; rescaling the scalar as well for convenience, we define the
duality map
φ˙ =
GR0
R1R2
F12 (13)
∂1φ =
GR1
R0R2
F02 (14)
∂2φ = − GR2
R0R1
F01 . (15)
In the regime we are considering, the Hamiltonian then takes the form
H =
1
2R11
∫
d2σtr
(
R21(∂2φ)
2 +R22(∂1φ)
2 +R21R
2
2φ˙
2 +R21(∂2X
i)2 +R22(∂1X
i)2 +R21R
2
2X˙
i
2
)
, (16)
where i = 3, . . . , 9, and the X ’s have been rescaled X → X/G; the quantum commutator for either the φ or
the X ’s is
[φaa(σ), φ˙bb(σ
′)] = iR11
δ2(σ − σ′)
R21R
2
2
δab . (17)
3 Exciting matrices
We want to look for excitations in the Hamiltonian of equation (16) corresponding to the bound states of
fundamental and Dirichlet strings, predicted to be in the spectrum through the duality between M-theory
on T 2 and the IIB theory on the circle[13]. We focus on a block diagonal matrix configuration of size n
siting in the larger N ×N matrices; the size of this block is expected to be identified with the longitudinal
momentum of excitations it will carry, and is to be taken to infinity.
We excite zero modes in the U(1) gauge fields according to equations (10) and (11); we then have an
electric fields along the (q1, q2) cycle and a 2-form magnetic field on the torus. It easy to show that excitations
in the U(1) apart from these zero modes contribute mass ∝ n→∞ 1. Throwing away such non-zero modes
in the U(1), we find that the scalar is given by
φU(1) =
w12
n
R211R1R2R0
l6P
τ +
w
n
q2
R211R1
l3PR2
σ1 − w
n
q1
R211R2
l3PR1
σ2 . (18)
Along with zero modes in the X ’s, this gives the U(1) energy
HU(1) =
R11
2n
(
w2
(
q21
R21
+
q22
R22
)
+
(
w12R1R2
l3P
)2
+ p2i
)
. (19)
The charges stored in the U(1) will eventually be interpreted as R-R or NS-NS charges in the IIB
theory. Given the connection between R-R charges and the Dirichlet aspect of objects carrying such charges,
we expect a non-trivial mechanism through which the U(1) sector of the YM affects the nature of the
excitations in the SU(n) sector; this despite the fact that, superficially, the two sectors are decoupled. We
will demonstrate this connection by looking at the theory on a transformed torus.
1This can be seen as follows; the non-zero modes in the U(1) will have period Σ; two derivatives in the energy and the
trace of the unit matrix contribute collectively a factor of n to the Hamiltonian; with the longitudinal momentum given by
p+ = n/R11, this corresponds to a mass ∝ n, which is out of the spectrum in the infinite momentum frame.
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We apply the transformation to new coordinates (σ˜1, σ˜2) that aligns the one-form electric field along σ˜1;
this transformation then must take the form(
σ˜1
σ˜2
)
=
(
q1 q2
c −d
)(
σ1
σ2
)
, (20)
where we restrict c and d by orthogonality and area preservation
c = −q2R
2
1
∆
(21)
d = −q1R
2
2
∆
(22)
∆ ≡ q21R22 + q22R21 . (23)
The SU(n) part of the Hamiltonian of equation (16) becomes
HSU(n) =
R1R2
2R11
∫
d2σ˜tr
(
∆
R1R2
(∂˜1φ)
2 +
R1R2
∆
(∂˜2φ)
2 +R1R2φ˙
2 + similar X terms
)
. (24)
In the new variables, the scalar field looks like
φU(1) =
w12
n
(
R11
l3P
)2
R1R2τ − w
n
R211∆
l3PR1R2
σ˜2 . (25)
Given that this zero mode structure depends on the coordinate σ˜2, the natural candidate for string-like
excitations away from this configuration are modes of the same σ dependence, i.e. perpendicular to the
direction of the electric field
φ = φU(1)
(
σ˜2
)
+ φSU(n)
(
σ˜2
)
. (26)
To find the periods of the new torus, we will again make use of the U(1) sector. The scalar being compact
with radius R, we wind σ˜2 on R using equation (25) 2
R211∆
l3PR1R2
Σ˜2 = R . (27)
From the quantum commutator (17), we also have
R =
R11
R1R2
, (28)
and area preservation implies
Σ˜1Σ˜2 = Σ1Σ2 . (29)
Putting things together, we find
Σ˜1 =
l3P∆
R11R21R
2
2
(30)
2We note that the transformation aligns the new axis along integer valued vectors on the torus, and therefore yields to new
periodic coordinates; this point was brought to my attention by M. Li. We also note that the momenta stored in the U(1)
sector are quantized on the original torus, as seen in equation (18); in this respect, the transformation at hand is used as a tool
to make manifest the energetics of the excitations.
4
12
1
2
1
2
Figure 1: The YM torus in the regime R2 ≪ R1 (see equation (8) for this identification); the solid arrow is
the direction of the U(1) electric field in three different scenarios, from left to right corresponding to q2 = 0,
both charges nonzero, and q1 = 0; the dotted arrow is the direction of light excitations in each case.
Σ˜2 =
l3P
R11∆
. (31)
To analyze the energetics of the SU(n) Hamiltonian, we rescale the coordinates (σ˜1, σ˜2) = (Σ˜1σ˜′
1
, Σ˜2σ˜′
2
) to
new variables of period 1 (or 2pi). The SU(n) Hamiltonian then takes the form
HSU(n) =
1
2
∫
d2σ˜′tr
(
R1R2
(
R1R2
∆
)(
R11
l3P
)2
(∂˜′1φ)
2
+R1R2
(
∆
R1R2
)(
R11
l3P
)2
(∂˜′2φ)
2 + φ˙2 + · · ·
)
, (32)
where we have rescaled the fields again so as to get the canonical form of the commutator for the φ, i.e.
schematically [φ, φ˙] = iδ2.
Let us first consider the case where q1 6= 0 and q2 6= 0. We then note that the following strict inequality
holds
∆
R1R2
> 1⇒ Σ˜1 > Σ˜2 (33)
and can be pushed to the extreme by either R2 ≪ R1 or R1 ≪ R2. The electric field is parallel to σ˜1; looking
at the relative relations of the σ derivatives in equation (32), we notice that the string-like SU(n) excitations
parallel to the U(1) electric field are energetically favored over the more natural candidates perpendicular
to it, in both regimes R2 ≪ R1 and R1 ≪ R2; we have the non-trivial statement that, in the skewed torus
limit, the identification of the direction of the light SU(n) excitations depends on the direction of the U(1)
electric field, independent of our choice of the small radius; the content of the U(1) vacuum is affecting the
nature of the excitations in the SU(n) due to the existence of a scalar in the theory winding on a circle as
in equation (27). Extending this analysis to the zero charge cases as well, the different possible scenarios
are illustrated in Figure 1. We note the pattern that, whenever the electric field, indicated by the solid
arrow, projects a component along the long side of the torus (i.e. the direction of the small radius), the
light excitations flip parallel to it, whereas the natural string-like excitations throughout are expected to
be perpendicular to the electric field, as seen from equation (26). We will demonstrate that this structure
translates into the link between R-R charge and the Dirichlet aspect of R-R charged vacua.
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For the purpose of substantiating the meaning of both the light and heavy excitations in the SU(n) sector,
we would like to consider exciting each of the two cycles independently and writing down the corresponding
energy spectra. For the U(1) sector, the zero modes are determined and we have the boundary condition
φU(1)(σ˜2 + Σ˜2) = φU(1)(σ˜2) +R
w
n
(34)
which was used in equation (27) already. Next, look at excitations in the SU(n) with Motl-like twisted
boundary conditions [7] along either direction σ˜1 or σ˜2. It can be shown that the most general physically
relevant boundary condition in the SU(n) sector is
φSU(n)(σ +Σ) = gφSU(n)(σ)g−1 , (35)
where σ is either σ˜1 or σ˜2 and g is the shift operator in Zn
3; after rescaling the time appropriately, we then
easily find the form 4
φSU(n) = i
αm
m
ωm exp−2pimi
Σn
(τ − σ) + i α˜m
m
ω−m exp−2pimi
Σn
(τ + σ) (37)
with ω = diag(e2pii/j). Similar boundary conditions and solutions follow for the other X polarizations. The
SU(n) energies for excitations along σ˜1 and σ˜2 are easily read off the Hamiltonian (32)
H
SU(n)
(1) =
R11
2n
4pi
√
R1R2
l3P
(
q21
R2
R1
+ q22
R1
R2
)
−1/2
Nˆ (38)
H
SU(n)
(2) =
R11
2n
4pi
√
R1R2
l3P
(
q21
R2
R1
+ q22
R1
R2
)1/2
Nˆ . (39)
The Nˆ operator is the usual right and left number operator which may now be thought to include contribu-
tions from fermionic excitations.
Consider the regime
R2 ≪ R1 ⇒ R2 ≪ lP . (40)
From the point of view of M-theory and its known connections with IIA and IIB string theories, excitations
in this regime are expected to be described by a perturbative IIA theory with dilaton vev eφA = gA and
string length scale lS given by
R2 = gAlS (41)
l3P = l
3
SgA (42)
3Elements of SN split into cycles in Zn such that, by construction, we have focused on a block diagonal matrix mapping
into one of these cycles; see [8] for details on this construction.
4It is mildly interesting to note that the structure of sewing the strings into these matrices can be shown to forbid zero
modes in the SU(n). Generally, the residual gauge freedom in the diagonal gauge consists of matrices of the form gd(σ), where
g ∈ SN and is independent of σ by continuity, while d(σ) is a diagonal matrix contributing only through the derivative term in
the gauge transformation. The most general boundary condition on the scalar is then
φSU(n) = gφSU(n)g−1 +D , (36)
where D is a diagonal traceless matrix independent of σ and g is the shift operator in Zn as argued in the previous footnote.
Writing φSU(n) = M1 +M2σ +M3τ + φ
SU(n)
nonzero, we can easily show that M2 = M3 = 0, while M1 can be gauged away. We
are then left with the most general boundary condition of equation (35) on the non-zero modes.
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or by a perturbative IIB theory with dilaton vev eφB = gB
gB = R2/R1 . (43)
The IIB fundamental string tension is then given in terms of M theory parameters by
TF =
R2
l3P
, (44)
while the IIB Dirichlet string tension is
TD =
R1
l3P
≫ TF . (45)
Furthermore, q1 gets interpreted as NS-NS charge, while q2 counts R-R charge. Looking at Figure 1, we note
that the configurations with light excitations parallel to the electric field correspond to scenarios carrying
non-zero R-R charge.
Consider first the case of q1 = 1,q2 = 0. The SU(n) sector is excited energetically favorably in the σ
2
direction, perpendicular to the electric field, as shown in Figure 1. Given that HU(1) ∼ O(TF ), the skewed
torus limit singles out the light string-like excitations to O(TF ) in the SU(n) as well. The excitations off the
U(1) vacuum are 1+1 dimensional and the spectrum of the Hamiltonian H = HU(1) +HSU(n) is that of the
IIB fundamental string[9]
H =
R11
2n
(
(2piRBwTF )
2
+
(
w12
RB
)2
+ p2i + 4piTF Nˆ
)
, (46)
where we have identified the decompactifying IIB radius
RB =
l3P
R1R2
≫ lP . (47)
As soon as we put a single unit of R-R charge in the U(1), i.e. the electric field projects onto the long side
in Figure 1, the situation changes in two ways; first, HU(1) ∼ O(TD); second, the string-like light excitations
are now along a parallel direction to the electric field and are of O(TF ). Considering the tower of winding
modes in the U(1), we are not justified to ignore the heavy excitations along σ˜2 from the spectrum. The
heavy excitations present the spectrum of the (q1, q2) string[6]
H =
R11
2n
(
p2i +M
2
(q1,q2)
)
, (48)
where i = 3, . . . , 9, and
M2(q1,q2) =
(
2piRBwT(q1,q2)
)2
+
(
w12
RB
)2
+ 4piT(q1,q2)Nˆ . (49)
Off each level in this tower, we have a light spectrum
H
SU(n)
(1) →
R11
2n
4pi
TF
q2
Nˆ . (50)
In general, it may be argued that a complete description of the system requires the full dynamics of the
membrane theory with correspondingly more complicated boundary conditions on the torus. Nevertheless,
7
we claim that this picture is enough to allow us to summarize the conclusions of the analysis as follows.
Given a U(1) electric field on the torus, we obtain the spectrum of the (q1, q2) bound strings by exciting the
direction perpendicular to the field in the SU(n); configurations carrying zero R-R charge have a tower of
heavy excitations parallel to the electric field pushed out of the spectrum to O(TF ), leaving the spectrum
of the fundamental IIB string. Configurations carrying R-R charge, through the non-trivial mechanism
outlined above, have the bound string spectrum additionally swamped by light excitations parallel to the
electric field. We propose that these light excitations correspond to massive excitations of fundamental
strings attached to bound state of strings; even a single unit of R-R charge in the (0, 1) D-string generates
this light spectrum; this is the signature of the Dirichlet aspect of the underlying U(1) vacuum. The fact
that these light excitations are of different σ dependence than the ones in the U(1) sector indicates further
the different role played by these light strings.
4 Conclusions
We have demonstrated, using energy arguments, the mechanism through which excitations in Matrix Theory,
essentially excitations on a membrane, distribute themselves into the spectrum of bound IIB strings and the
spectrum of fundamental strings attached to D strings. We have also translated the connection between R-R
charge and the Dirichlet aspect of the D-strings into the language of the matrix YM, that of a non-trivial
connection between the U(1) and the SU(n) sectors. This feature arose from the mechanism of winding a
U(1) scalar onto an oblique cycle, given the charge content of the configuration; consequently, the periods
of the torus seen by the SU(n) excitations contained the information about the winding U(1) scalar and
the charges it carries. Finally, we note that, whereas in [14] the BPS condition picked out the string-like
excitations on a cycle of the membrane to be identified with the short spectrum of the bound strings, in the
Matrix Theory the energetics of the excitations naturally splits the dynamics on the membrane into two sets
of string-like spectra, one of which is mapped onto the full non-BPS spectrum of the bound strings.
To further substantiate this proposal, a picture tracing the geometry and some of the dynamics of the
massive excitations of the strings attached to the state of bound strings is desirable; this may possibly explain
the exact form of the light excitations we have found.
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